The behavior of the zeros in finite Taylor series approximations of the Riemann Xi function (to the zeta function), of modified Bessel functions and of the Gaussian (bell) function is investigated and illustrated in the complex domain by pictures. It can be seen how the zeros in finite approximations approach to the genuine zeros in the transition to higher-order approximation and in case of the Gaussian (bell) function that they go with great uniformity to infinity in the complex plane. A limiting transition from the modified Bessel functions to a Gaussian function is discussed and represented in pictures. In an Appendix a new building stone to a full proof of the Riemann hypothesis using the Second mean-value theorem is presented.
Introduction
The present paper tries to find out the common ground for the zeros of the [9] [10] . A main purpose was to understand how the zeros in the Taylor series approximations of such functions behave when we go from one order of the approximation to the next higher one. To get the possibility of a comparison with the pictures of zeros for functions without an integral representation of the mentioned form we made an analogous picture for an unorthodox entire function in Section 9.
Basic Equations for the Considered Functions
The Xi function ( ) The Riemann zeta function is basically defined by the following Euler product ( ) 
( )
u Ω is a symmetrical function in u is, in principle, not necessary since the integration over u in (2.8 ) is restricted by 0 u ≥ but the symmetry permits to extend the integral over negative values of u using it in the form
which for imaginary i z y = is a Fourier transformation of if the integral exists in some sense (e.g. weak convergence). We consider this now more explicitly.
The explicit representation of the Xi function ( )
4 exp π e 2π e 3 exp π e , 2
with the special values ( ) ( )
This was derived in detail in [11] . The function ( ) u Ω together with its first derivative Figure 1 is not easily to see from (2.14) and it was a genuine surprise for us to meet such a kind of a symmetrical function (see discussion in [11] ). The 
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and in the special case 0 m = of zeroth moments
These are the areas under the curves To keep in addition also ,0
ν Ω constant we have now the only possibility to introduce a stretch factor to the variable u and we make the transformation (now already with choice (3.3)) ( ) ( )
with the definition of
from which follows for the zeroth moments of ( ) 
The first three functions 
The functions 
That the mentioned approach for ν → ∞ to a Gaussian bell function is really true we establish exactly and determine these limits.
We now show that the new functions
Gaussian function that becomes a Gaussian bell function for imaginary i z y = .
As auxiliary formulae for 
Applying these approximations we find from (3.8) 
or by substitution i z y = with, in general, complex variable y
where we use the identity
→∞ Ω using the definition in (3.4) we find
We may check the transition from
via (2.8) using the auxiliary formula (2.7) with
Furthermore, we find using the approximation (3.11) that the factor between 
with a high precision and monotonically increasing without a finite limit.
We now show that for high increasing 1 ν  the first positive roots of ( ) 
Graphical Representations to Zeros of the Xi Function to Riemann Zeta Function in Approximations by Truncated Taylor Series
In this Section we consider the Taylor series expansions of the Xi function
in powers of z defined in (2.14)
according to
The coefficients in this Taylor series are the even moments
We truncate the Taylor series of
and calculate all zeros of these approximations up to a certain maximal M and make graphical representations of their zeros. As mentioned the coefficients of the series are determined by the even moments The first term in (4.3) can also be written (see [11] In the truncation of the series in powers of z with the highest term proportional to 2M z we found by numerical solution of the corresponding algebraic equations of degree 2M the 2M complex solutions from which the 2 We made the calculations two times with "Mathematica 3" (up to 2M = 80 and 18 digits) and with "Mathematica 6" (up to 2M = 100 and 20 digits) with a time difference of some years. We did not get full agreement mainly in the last 5 digits in the higher coefficients and came already near to the limit of capabilities of our PC. In the following we give graphical illustrations of all zeros of the Taylor approximations in the complex z-plane where all zeros up to a certain order 2M
are taken into account and where one may see how the zeros change from an order to a higher order. We explain first how the following figures are made. We take a certain order on the values given in the third and fourth column on the right-hand side did not become fully stable in our calculations in dependence on the number of sum terms taken into account in (2.14) and the chosen upper limit of integration that is rather due to the limits of our computer capabilities. The genuine value for the third root is near to 25.0109 instead of the stabilized 25.0101 seen in the Figure 5 by some accumulation of points at these values. Figure 6 shows the same picture with all neighbored points in each approximation joined as described. Since not all details are well recognizable in Figure 6 the same is made in Figure 7 but only for the first 40 Taylor approximations where this is clearer to see. These pictures show that the zeros on the imaginary axis stabilize from order to higher orders at the genuine zeros of the Riemann zeta function on the y-axis and separate themselves from the main bulk of zeros in a considered order which do not lie on the imaginary axis. That this remains in this way for M → ∞ is, clearly, only a conjecture but in Section 8 we try to understand this by some analytic approximations.
In Figure 7 for the case 2 40 M = we see only one accumulation point of the zeros on the positive and negative y-axis corresponding to the two zeros One may check that generally
For the moments of these functions result the inequalities (
The resulting function and give graphical representations of the zeros for its Taylor series approximations
They are represented in Figure 8 and in Figure 9 up to the approximation for 2 60 M = with the difference that in the first all zeros are presented together and in the second we have joined the neighbored zeros in each approximations.
The genuine zeros of Ω +∞ = ) we may apply the second mean-value theorem (Gauss-Bonnet theorem; see, e.g. Courant [14] (chap. IV), Widder [15] ) to bring the integral (2.14) to the form From both forms of the right-hand side in (6.2) we find that for zeros of ( )
the following two conditions [11] ( ) ( )
have to be satisfied at the same time and this is necessary and sufficient.
We now consider the special case of ( ) z Ξ on the imaginary axis y and find from (6.2) ( ) ( ( ) ( ) ( ) ( )
Now come into play the following operator identities (operator identities are such identities which can be applied to arbitrary functions to provide function identities) [11] cos cos sin ,
More general identities of such kind can be derived by representing the Cosine and Sine functions by Exponential functions and using that exp ix y
applied to analytic functions ( ) f y displace the argument of these functions to
± that is discussed in [11] . Using (6.7) and (6.8) we may write the conditions for zeros (6.3) in the following way
If we now apply the operator cos x y 
By addition of both equalities using the operator identity
follows from (6.10)
This consequence for zeros results from both conditions (6.3) and provides a [11] and Katsnelson [16] showed an error in a short Email 4 and we recognized it [17] but it was already seen in [11] that the possible zeros off the imaginary axis, i.e. 0 0 0 i z x y = ± of ( ) z Ξ with 0 0 x ≠ , must possess imaginary parts 0 y which agree with one of the zeros on the imaginary axis. Reactions regarding concern about the applicability of the Bonnet theorem for present case were expressed by others, in particular, in a nice Email by Gélinas [18] with appended file but I could not find it published now. This also means that the Riemann hypothesis which is the absence of zeros of the Riemann Xi function off the imaginary axis through 1 2 x = was not correctly solved by the second mean-value approach to this time although it was very improbable that a nontrivial zero of the Riemann zeta function off the imaginary axis has exactly the same imaginary value as that of one on the imaginary axis through 1 2 x = .
We add now in Appendix A a further important building stone to a full proof of the Riemann hypothesis by the second mean-value theorem which seems to be 4 The full text in the Email from 06.01.2017 with the subject line "Riemannsche Vermutung" was the following: "The result is wrong. Counterexample: 
Approximations of the Zeros from One to the Next Higher Orders
The zeros in each approximation for the considered functions are either pairs ( ) ( )
on the imaginary axis or in majority quadruples
and there was no doubt which are pairs and which are quadruples even in case that their real part k x is small compared with maximal modulus of the zeros and since the whole number of zeros has to be 2M. It is noticeable that new zeros on the imaginary axis when they first appear in the 2M-th approximation may disappear in the next higher exp z the zeros on the imaginary axis show a similar picture with alternatingly generating and not generating zeros on the imaginary axis from one approximation 2M to the next higher approximation 2 2 M + . The main bulk of zeros in the complex domain in all these pictures drifts with their modulus to infinity although very slowly that we can see in Figure 11 . In the other pictures this is the main bulk of zeros which does not correspond to genuine zeros of the considered functions whereas the lower zeros on the imaginary axis stabilized more and more to the genuine zeros.
To understand the discussed behavior of the zeros from order to next higher order we try to discuss this now in some approximation. We suppose that we have the Taylor series approximation of a Xi function ( )
We assume that 0 z is an exact zero in 2M-th approximation that means a solution of the equation 
with the possible approximations in the coefficients for 1 m  (see (3.11))
This shows that ( ) In Figure 12 we see the first three pairs of zeros as some accumulation points. 
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with small improvements in comparison to [17] , in particular, also in the notations.
Thus we consider now the following stepwise constant functions 
